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Math 140 
Introductory Statistics

Professor B. Ábrego
Lecture 8

Sections 4.3, 5.1
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Example: Kelly’s Hamsters
Subjects:  Eight golden hamsters.

Treatments: Raised in long days (16 hours) or short 
days (8 hours) of daylight.

Random Assignment of Treatments: Kelly randomly 
assigns four of the hamsters to short days, and four 
to long days.

Replication: Each treatment was given to four 
hamsters.
Response Variable: Enzyme concentration.
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Kelly’s Hamsters (Results)

Results
Enzyme concentrations in milligrams per 100 milliliters.

8.8009.90010.3756.625Long 
Days

13.22518.27511.62512.500Short 
Days
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Confounding in Observational Studies

Confounded: mixed-up, confused, at a dead 
end.
Two possible influences on an observed 
outcome are said to be confounded if they 
are mixed together in a way that makes it 
impossible to separate their effects.
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Confounding in Observational Studies

Imagine yourself in this situation: 
You know that many infants are dying of what seem to be 
respiratory obstructions.
You begin to do autopsies on infants who die with respiratory 
symptoms. 
the infants all have thymus glands that look too big in 
comparison to body size. Aha! That must be it: 
The respiratory problems are caused by an enlarged thymus. 
It became quite common in the early 1900s for surgeons to treat 
respiratory problems in children by removing the thymus. Even 
though a third of the children who were operated on died.
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Experiments vs Observational Studies

The best solution to guard against confounding: To 
randomize.
Observational Study: No treatment gets assigned to 
the subjects by the experimenter.
(Randomized) Experiment: Comparing results of 
treatments assigned to subjects at random.
Clinical Trial: Randomized experiment comparing 
medical treatments.

For observational studies the conditions are called 
factors, (not treatments)
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Factors and Levels
The term factor is also used for experiments when there are 
many characteristics that want to be compared.
The different values that a factor may take are called levels.
Example. If Kelly added the type of diet to her experiment.

Heavy-LongLight-LongLong

Heavy-ShortLight-ShortShort

HeavyLight

Factor 1
Type of Diet

Factor 2
Length of Day
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Why randomization makes 
inference possible?

By assigning treatments to units at random, 
there are only two possible causes for a 
difference in the responses to the treatments: 
chance or the treatments.
If the probability is small that chance alone 
will give such a difference in the responses, 
then we can infer that the cause of the 
difference was the treatment.
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Control or Comparison Group

Anecdotal evidence is not proof. Why?
Placebo Effect: When people believe they are getting 
special treatment they tend to improve.
Control Group: A group of people given a placebo.
Comparison Group: A group of people given the 
standard treatment (when comparing against a new 
treatment).
Blind Experiment: People do not know which 
treatment they are given.
Double Blind Experiment: patients and doctors do not 
know which treatment they are assigned.
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5.1 Models of Random Behavior

Outcome: Result or answer obtained from a 
chance process.
Event: Collection of outcomes.
Probability: Number between 0 and 1 (0% 
and 100%). It tells how likely it is for an 
outcome or event to happen.

P = 0 The event cannot happen.
P = 1 The event is certain to happen.
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5.1 Models of Random Behavior

If the probability that event A happens is 
denoted P(A), then the probability that event 
A doesn’t happen is P(not A) = 1 − P(A). 
The event not A is called the complement of 
event A.
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Where do Probabilities come from?

Observed data (long-run relative frequencies). 
For example, observation of thousands of births has shown that 
about 51% of newborns are boys. You can use these data to 
say that the probability of the next newborn being a boy is about 
0.51.
Symmetry (equally likely outcomes). 
If you flip a fair coin, there is nothing about the two sides of the 
coin to suggest that one side is more likely than the other to land 
facing up. Relying on symmetry, it is reasonable to think that 
heads and tails are equally likely. So the probability of heads is 
.5.
Subjective estimates.
What’s the probability that you’ll get an A in this statistics class? 
That’s a reasonable, everyday kind of question, and the use of 
probability is meaningful, but you can’t gather data or list equally 
likely outcomes. However, you can make a subjective judgment.
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Equally likely outcomes.

If we have a list of all possible outcomes and 
all of them are equally likely then

P (specific outcome) =

P (event) =

Examples: Flipping a coin, rolling a fair die.

outcomeslikely equally  of number
1

outcomeslikely equally  of number
event in outcomes of number
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Equally likely outcomes.

Jack and Jill, just won a contract to determine 
if people can tell tap water (T) from bottled 
water (B). 
They will give each person in their sample 
both kinds of water, in random order, and ask 
which is the tap water.
Assuming that the tasters can’t identify tap 
water, what is the probability that two tasters 
will guess correctly and choose T? 
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Tap vs Bottled Water.
Jack: There are three possible outcomes: Neither 

person chooses T, one chooses T, or both choose T. 
These three outcomes are equally likely, so each 
outcome has probability ⅓. In particular, the 
probability that both choose T is ⅓ .

Jill: Jack, did you break your crown already? I say there 
are four equally likely outcomes: The first taster 
chooses T and the second also chooses T (TT); the 
first chooses T and the second chooses B (TB); the 
first chooses B and the second chooses T (BT); or 
both choose B (BB). Because these four outcomes 
are equally likely, each has probability ¼ . In 
particular, the probability that both choose T is ¼ , 
not ⅓.
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Tap vs Bottled Water (Simulation).
Jack and Jill use two flips of a coin to simulate the taste-test 
experiment with two tasters who can’t identify tap water.
Two tails represented neither person choosing the tap water, 
one heads and one tails represented one person choosing the 
tap water and the other choosing the bottled water, and two 
heads represented both people choosing the tap water.
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Law of Large Numbers

In a random sampling, the larger the sample, the 
closer the proportion of successes in the sample 
tends to be the proportion in the population.
Example, simulation of flipping a coin.

497545010475558Tails

502464990525452Heads

10000010000100010010Number 
of Flips
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Sample Space
A Sample Space for a chance process is a complete
list of disjoint outcomes.
Complete means that no possible outcomes are left 
off the list.
Disjoint (or mutually exclusive) means that no two 
outcomes can occur at once.

Often by symmetry we can assume that the 
outcomes on a sample space are equally likely. But 
to verify this we need to collect data and see if indeed 
each of the outcomes occurs the same number of 
times (approximately).
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Examples

Rolling a fair die.
Sample Space: {1,2,3,4,5,6}
P (4)=
P (number is even)= 

Selecting a card from a poker deck.
Sample Space: {A♥,2♥,3♥,…,Q♥,K♥,

A♦,2♦,3♦,…,Q♦,K♦, 
A♣,2♣,3♣,…,Q♣,K♣,
A♠,2♠,3♠,…,Q♠,K♠}

1/6
3/6 = 1/2
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Examples

Selecting a card from a poker deck.
Sample Space: {A♥,2♥,3♥,…,Q♥,K♥,

A♦,2♦,3♦,…,Q♦,K♦, 
A♣,2♣,3♣,…,Q♣,K♣,
A♠,2♠,3♠,…,Q♠,K♠}

P (3♥) = 
P (Ace) = 
P (♦) = 

1/52
4/52 = 1/13

13/52 = 1/4
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Discussion D7

Flip a coin 20 times, keeping track of the 
cumulative number of heads and the 
cumulative proportion of heads after each flip. 
Plot the cumulative number of heads versus 
the flip number on one graph. Plot the 
cumulative proportion of heads versus the flip 
number on another graph. On each graph, 
connect the points. Repeat this process five 
times so that you have five sets of connected 
points on each plot. 
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Discussion D8

Suppose you flip a fair coin seven times.
a. How many possible outcomes are there?
b. What is the probability you get seven 
heads?
c. What is the probability you get six heads 
and one tail?


